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Abstract
We attempt to construct a gravitational coupling by pre-selecting an energy-momentum tensor
as the source for gravitational field. The energy-momentum tensor we take is a recently derived
new expression motivated by joint localization of energy and momentum in quantum measurement.
This energy-momentum tensor differs from the traditional canonical and symmetric ones, and the
theory we obtain is of an Einstein-Cartan type, but derived from a minimal coupling of a Lagrangian
with second-derivative, and leads to additional interaction between torsion and matter, including
the scalar field. For the scalar field, the theory can also be derived in the Riemann space-time by
a non-minimal coupling. Our study gives hint on more general tests of general relativistic effects.
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I. PASSIVE AND ACTIVE GRAVITY
Einstein’s general relativity is derived from the equivalence principle, i.e., the local equiv-
alence of inertial and gravitational effects on the motion of matter. In this sense, it is a
gravitational theory guided by passive gravity. The active gravitational source, which can
be called the (gravitational) energy-momentum tensor of matter, is derived post priori from
the action constructed under the equivalence principle:
T µνg ≡
2√
g
δIM(ϕ,∇ϕ)
δgµν
, (1)
where ∇ is the coordinate-covariant derivative, g ≡ −det.(gµν), and the metric gµν has
signature (−+++). It should be noted that the explicit expression of this (active) gravi-
tational energy-momentum tensor is not known before actually computing the variation in
Eq. (1). Hence, it is somehow a coincidence that T µνg is found to be consistent with the
expression obtained by symmetrizing the canonical No¨ther current in flat space-time with
the Belinfante method:
T µνsymm ≡ T µνcano +
i
2
∂ρ
( ∂L
∂(∂ρϕa)
Σµνabϕb +
∂L
∂(∂µϕa)
Σνρabϕb −
∂L
∂(∂νϕa)
Σρµabϕb
)
. (2)
Here, L = L (ϕ, ∂ϕ) is the standard expression of matter Lagrangian, and Σµν are the spin
matrices satisfying the algebra of the homogeneous Lorentz group: [Σµν ,Σρσ] = 2i(ηµ[σΣρ]ν−
ην[ρ|Σµ|σ]), where ηµν is the Minkowski metric tensor. In this paper [ ]/( ) means antisym-
metrization/symmetrization, and indices inside | | are excluded from symmetrization or
antisymmetrization. The canonical energy-momentum tensor is
T µνcano = −
∂L (ϕ, ∂µϕ)
∂(∂µϕ)
∂νϕ+ ηµνL . (3)
It is again a somewhat coincidence, that this canonical energy-momentum tensor agrees with
the source for the asymmetric Einstein tensor in the Einstein-Cartan theory [1], in which
the Belinfante symmetrization procedure can be reversed to reduce the symmetric metric
energy-momentum tensor back to the canonical expression.
We may ask a tricky euqation: Could it be possible to pre-select an energy-momentum
tensor, and require it to be the source for gravity? Considering T µνsymm or T
µν
cano, for example,
there is no criteria to judge which one deserves better to serve as the gravitational source,
thus the competition between the Einstein and Einstein-Cartan theory has to wait for the
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extremely difficult experimental test. The critical problem is that the conservation laws
determine only the conserved charges, not the conserved currents, therefore, at the density
level, T µνsymm or T
µν
cano does not have absolute and independent physical meaning other than
acting as the source of gravitational field. To construct a gravitational coupling from active
gravity, one has to establish a first principle for seeking a proper energy-momentum tensor.
II. PRE-SELECTED ENERGY-MOMENTUM TENSOR
In a very recent paper [2], we proposed a scenario that by examining the local accumula-
tion of energy E and momentum ~P in a quantum measurement, one can at least define the
“effective” fluxes of energy and momentum:
T i0eff · dSi ≡
dE
dt
, T
ij
eff · dSi ≡
dP j
dt
. (4)
Virtually, for any locally measurable conserved charge Q, one can define an effective current
~jeff (or more exactly the projected component jn,eff):
jn,eff · dS = ~jeff · d~S ≡ dQ
dt
. (5)
Strictly speaking, it is not clear and not for sure why such “effective” current should have
fundamental physical significance. But as explained in Ref. [2], by requiring joint localization
of all conserved quantities in a quantum measurement, the corresponding effective currents
can be correlated, which thus sets a practical constraint on the allowed expressions of such
currents. Strikingly and interestingly, neither T µνsymm nor T
µν
cano can satisfy such a correlation,
thus they are not the correct description of local fluxes of energy and momentum in quantum
measurements. Certainly, this does not tell that T µνsymm or T
µν
cano cannot be proper candidate
for gravitational source, but it is interesting and worthwhile to explore what expression T µνeff
can take and what theory we get by setting T µνeff as the gravitational source.
For a free field ϕ [3], describing either an elementary particle or a composite particle, an
elegant expression of T µνeff can be found [2]:
T
µν
eff = −
∂L
∂(∂µϕ)
←→
∂ νϕ = −1
2
( ∂L
∂(∂µϕ)
∂νϕ− ∂ν ∂L
∂(∂µϕ)
ϕ
)
, (6)
where
←→
∂ ν = 1
2
(
−→
∂ ν−←−∂ ν). If one considers further the measurement of angular momentum,
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a proper expression satisfying the correct correlation of currents can also be derived [2]:
M
µνρ
eff =
(
xµT
ρν
eff − xνT ρµeff
)
+
(− i ∂L
∂(∂ρϕa)
Σµνabϕb −
1
2
ηρν
∂L
∂(∂µϕa)
ϕa +
1
2
ηρµ
∂L
∂(∂νϕa)
ϕa
)
≡ Lµνρeff + sµνρeff . (7)
T
µν
eff and M
µν
eff differ from their conventional counterparts by total-divergence terms, which
change neither the conservation law nor the conserved charge. Note that in Mµνρeff , the spin
current sµνρeff contains an extra term which exists also for the scalar field. We will see that
this extra spin current can couple to space-time torsion.
It is a great advantage for studying gravitational coupling that T µνeff and M
µν
eff can be
derived as No¨ther currents via a new Lagrangian density Lnew(ϕ, ∂ϕ, ∂∂ϕ), which has a
critical property of vanishing upon applying the equation of motion:
Lnew(ϕ, ∂ϕ, ∂∂ϕ) =
1
2
ϕ
(∂L
∂ϕ
− ∂µ ∂L
∂(∂µϕ)
)
. (8)
In general, it contains second derivative (except for the Dirac field), and differs from the
standard L by a surface term:
Lnew(ϕ, ∂ϕ, ∂∂ϕ) = L (ϕ, ∂ϕ)− 1
2
∂µ
(
ϕ
∂L
∂(∂µϕ)
)
. (9)
Eqs. (8) and (9) prepare us to construct a gravitational coupling with the guidance that
a covariant extension of the effective energy-momentum tensor in Eq. (6) should act as the
gravitational source.
III. MINIMAL VERSUS NON-MINIMAL COUPLING
The simplest way to switch on the gravitational interaction is by minimal coupling,
namely, replacing the Lorentz-covariant quantities in the flat space-time action with their
counterparts which are covariant under arbitrary coordinate transformation. Let us also
make this attempt, starting with the Lagrangian in Eq. (8) which can give the desired
No¨ther currents. However, nothing new will be gained in the Riemann space-time, in which
the covariant Gauss’ theorem tells us that the surface term in Eq. (9) is irrelevant. So let
us try instead the Riemann-Cartan space-time with non-zero torsion.
To facilitate the inclusion of spinor field, we use the tetrad formalism, in which the
energy-momentum tensor and spin tensor can be conveniently evaluated as
Tµν ≡ eaν · (Tµa ≡ 1
e
δIm
δeaµ
)
, sµνρ ≡ eaµebν ·
(
sa
bρ ≡ −2
e
δIm
δωabµ
)
. (10)
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The tetrad quantities are defined by gµν = e
a
µe
b
νηab, ηab = ea
µeb
νgµν , e = det(e
a
µ). Latin
and Greek letters denote Lorentz and coordinate indices, respectively. ωabµ is the spin
connection as appear in the covariant derivative, e.g., of a Lorentz-vector Aa = eaµA
µ:
∇µAa = ∂µAa + ωabµAb.
In the Einstein-Cartan theory, the matter action Im is constructed via minimal coupling
of the standard Lagrangian:
Im(ϕ) =
∫
d4xL (ϕ, ∂ϕ)→ IECm (e, ω, ϕ) =
∫
d4xeL(ϕ,∇ϕ); (11)
and in our model, it is constructed via minimal coupling of the Lagrangian in Eq. (8):
Inewm (ϕ) =
∫
d4xLnew(ϕ, ∂ϕ, ∂
2ϕ)→ Inewm (e, ω, ϕ) =
∫
d4xeLnew(ϕ,∇ϕ,∇∇ϕ). (12)
When varying the total action of matter and geometry I = Im+ Ig with respect to tetrad
and spin connection independently, one can obtain equations of motion of gravitation:
Gµa = 8πGT
µ
a, Sabµ = −4πGsabµ. (13)
In Riemann-Cartan space-time, the gravitational action is still taken as Ig =
∫
d4xe R
16piG
,
but the Einstein tensor Gµν = eaνGµa is generally asymmetric. Sµνρ(= eaµebνSabρ = Sµνρ +
gµρSν − gνρSµ) is called the modified torsion tensor, and the torsion tensor is Sµνρ = Γρ[µν] =
ωρ[µν] + ea
ρ∂[νe
a
µ]. Its trace Sµν
ν ≡ Sµ is defined as the torsion vector.
We will show in the next section with the specific scalar, spinor, and vector fields that in
our model the energy-momentum tensor is exactly the covariant extension of T µνeff in Eq. (6).
Thus, guided by “active” gravity, we can indeed arrive at a sensible model of gravitational
interaction, derived by minimal coupling of a specific and valid Lagrangian in flat space-time.
It should be remarked that our model can also be viewed as one with non-minimal
coupling. The point is that the equivalence between L and Lnew in flat or even Riemann
space-time is lost in the Riemann-Cartan space-time. Let us compare the matter action
Inewm (e, ω, ϕ) in our model with that in the Einstein-Cartan theory:
Inewm (e, ω, ϕ) =
∫
d4xeLnew(ϕ,∇ϕ,∇∇ϕ) =
∫
d4xe
1
2
ϕ(
∂L
∂ϕ
−∇a ∂L
∂(∇aϕ))
=
∫
d4xe[L− 1
2
∇a(ϕ ∂L
∂(∇aϕ))] = I
EC
m −
∫
d4xeϕ
∂L
∂(∇aϕ)Sa, (14)
where the relation ∇aAa = ∇˜aAa + 2SaAa is used, with ∇˜a the covariant derivative built
with Christoffel connection.
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If one regards Lnew as the fundamental Lagrangian, our model is a minimal-coupling one.
On the other hand, if priority is assigned to L which contains only the first derivative, then
as the last expression of Eq. (14) indicates, our model can be viewed as an extension of
Einstein-Cartan theory by including a non-minimal coupling between matter and torsion.
Such ambiguity of minimal coupling in the Einstein-Cartan space-time had already been
discussed before [4]. From our analysis in this paper, even the original Einstein-Cartan
action can be regarded as one of non-minimal coupling, were our Lnew given a priority.
IV. EXPLICIT CONSTRUCTION FOR SCALAR, SPINOR, ANDVECTOR FIELDS
In this section, we present explicitly the active-gravity-guided gravitational coupling for
the scalar, spinor, and vector fields, respectively, and verify that the gravitational source is
indeed the covariant extension of the “effective” currents as required to properly describe
the fluxes of conserved quantities in quantum measurement.
A. Scalar field
The proper flat space-time Lagrangian for the free scalar field φ in the form of Eq. (8) is:
L
new
φ = φ(∂µ∂
µ −m2)φ. (15)
In the spirit of Eq. (12), the corresponding action in Riemannian-Cartan space-time is
Inewφ (e, ω, φ) =
∫
d4xe
1
2
[φ(∇a∇a −m2)φ] ≡
∫
d4xeLnewφ (e, ω, φ) (16a)
=
∫
d4xe[−1
2
∇aφ∇aφ− 1
2
m2φ2 + φ(∇aφ)Sa] ≡
∫
d4xeL
′new
φ (e, ω, φ). (16b)
As we noted above, the first expression is of the form of minimal coupling, while the second
expression displays a non-minimal coupling, which indicates clearly that the scalar field
interacts with torsion. This action gives the equation of motion for φ:
1
2
∇a∇aφ+ 1
2
∗
∇a
∗
∇a φ−m2φ = 0, (17)
where
∗
∇µ= ∇µ − 2Sµ is called the modified divergence. It compares to
∗
∇a ∇aφ−m2φ = 0 (18)
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in the Einstein-Cartan theory with the action
Iφ(e, ω, φ) =
∫
d4xe[−1
2
∇aφ∇aφ− 1
2
m2φ2]. (19)
By computing Eq. (10) explicitly and applying the covariant equation of motion, we get
the tetrad energy-momentum tensor and tetrad spin tensor of the scalar field:
Tµν =
1
2
∗
∇µ φ∇νφ− 1
2
φ∇ν∇µφ+ gµνLnewφ , sµνρ =
1
2
(gνρφ∇µφ− gµρφ∇νφ). (20)
In the flat space-time limit, they reduce to the forms in Eqs. (6) and (7):
T
µν
(0) = T
µν
eff = ∂
µφ
←→
∂ νφ, s
µνρ
(0) = s
µνρ
eff = η
[ν|ρφ∂|µ]φ. (21)
B. Spinor field
For the Dirac spinor field, our model actually coincides with the Einstein-Cartan theory.
The reason is that the usual expression of Dirac Lagrangian in flat space-time:
Lψ =
i
2
ψγµ∂µψ − 1
2
mψψ + h.c., (22)
is itself zero when applying the Dirac equation, thus is already of the form in Eq.(8). So,
when going to Riemannian-Cartan space-time, our approach gives the same action of the
Einstein-Cartan type:
Iψ(e, ω, ψ, ψ) =
∫
d4xe
( i
2
ψγa∇aψ − 1
2
mψψ + h.c.
) ≡ ∫ d4xeLψ, (23)
where ∇aψ = eaµ(∂µ + i4σabωabµ)ψ. The equations of motion are
i
2
γa∇aψ + i
2
γa
∗
∇a ψ −mψ = 0, i
2
∇aψγa + i
2
∗
∇a ψγa +mψ = 0 (24)
which resemble more of Eq. (17) in our model, rather than Eq. (18) in the Einstein-Cartan
theory.
The tetrad energy-momentum tensor and tetrad spin tensor of the Dirac field are trivial
covariant extension of the familiar canonical expressions:
Tµν = − i
2
ψγµ∇νψ + h.c. + gµνLψ, sµνρ = 1
4
ψ(γρσµν + σµνγρ)ψ. (25)
7
C. Vector field
For a massive vector field, the proper flat space-time Lagrangian in the form of Eq. (8)
is:
L
new
A =
1
2
Aν(∂µF
µν −m2Aν). (26)
Following again Eq. (12), we get the corresponding action in Riemann-Cartan space-time:
InewA (e, ω, A) =
1
2
∫
d4xe[Ab(∇aF ab −m2Ab)] ≡
∫
d4xeLnewA (e, ω, A) (27a)
=
∫
d4xe(−1
4
F abFab − 1
2
m2A2 + AbFabS
a) ≡
∫
d4xeL
′new
A (e, ω, A). (27b)
Viewed either as a minimal-coupling one or non-minimal-coupling one, this action gives a
spin-torsion interaction of both the traditional type as in Einstein-Cartan theory, and a new
type related to the extra spin current in Eq. (7). It gives the equation of motion:
1
2
∇aF ab + 1
2
∗
∇a
∗
F ab −m2Ab = 0, (28)
compared to
IA(e, ω, A) =
∫
d4xe(−1
4
F abFab − 1
2
m2A2),
∗
∇a F ab −m2Ab = 0 (29)
in the Einstein-Cartan theory. Again, it is Eq. (28) of our model rather than Eq. (29) of
the original Einstein-Cartan theory that resembles more of Eq. (24). Together with the
similarity between Eqs. (17) and (24), this might be regarded as a hint that our chosen
Lagrangian in Eq. (8) is better for minimal coupling in the Einstein-Cartan space-time.
Inserting our new action into Eq. (10) and applying the covariant equation of motion, we
get the tetrad energy-momentum tensor and tetrad spin tensor of the massive vector field:
Tµν =
1
2
∗
F µρ ∇νAρ − 1
2
∇νF µρAρ + gµνLnewA , sµνρ = A[µF ν]ρ +A[µ
∗
F ν]ρ +g[ν|ρAλF
|µ]λ, (30)
where
∗
F µν≡
∗
∇µ Aν−
∗
∇ν Aµ.
Again, in the flat space-time limit, they reduce to the forms in Eqs. (6) and (7):
T
µν
(0) = T
µν
eff = F
µρ←→∂ νAρ, sµνρ(0) = sµνρeff = 2A[µ|F |ν]ρ + ηρ[ν|F |µ]αAα. (31)
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V. METRIC-TORSION FORMULATION
Since our model differs from the Einstein-Cartan theory for the scalar and vector fields
only, it suffices to work in the metric-torsion formalism, which offers a cross-check as well as
some new light on how our new energy-momentum and spin tensors participate in gravity.
In this formalism, the independent geometric variables can be taken as the metric and
contortion tensor Kµν
ρ = Sρµν + S
ρ
νµ + Sνµ
ρ, and variation of the gravitational action
Ig(g,K) =
∫
d4x
√
g 1
16piG
R can be put in the form:
δIg(g,K) =
∫
d4x
√
g
1
16πG
{[−Gµν+ ∗∇ρ (Mµνρ+Mµρν +Mνρµ)]δgµν +2MρµνδKµνρ}. (32)
Then, by writing the variation of the matter action as
δIm(g,K, ϕ) =
∫
d4x
√
g
1
2
(Tµνg δgµν + sρ
µνδKµν
ρ), (33)
one can get the gravitational equations of motion:
Gµν− ∗∇ρ (Sµνρ + Sµρν + Sνρµ) = 8πGTµνg , Sρµν = −4πGsρµν . (34)
Here Tµνg is the metric energy-momentum tensor in Riemann-Cartan space-time, which is
still symmetric. Noting that the equation for torsion is an algebraic one, thus Eq. (34) can
be deformed as
Gµν = 8πGTµν , (35)
and we can identify the source of the Einstein tensor as the energy-momentum tensor:
Tµν = Tµνg −
1
2
∗
∇ρ (sµνρ + sµρν + sνρµ). (36)
Comparing with Eq. (2), this can be recognized as a kind of “reversed” Belinfante con-
struction, thus Tµν is expected to be a canonical-type energy-momentum tensor, which is
generally asymmetric for a field with spin.
Specifically, for the scalar field, the action is now written as
Iφ(g,K, φ) =
∫
d4x
√
g[
1
2
φ(∇µ∇µ −m2)φ] ≡
∫
d4x
√
gLnewφ (g,K, φ) (37a)
=
∫
d4x
√
g(−1
2
∇µφ∇µφ− 1
2
m2φ2 + φ∇µφSµ) ≡
∫
d4x
√
gL
′new
φ (g,K, φ), (37b)
with the metric energy-momentum tensor and (contortion) spin tensor computed to be
Tg
µν =
∗
∇(µ φ∇ν)φ+ gµνL′newφ , sµνρ = g[ν|ρφ∇|µ]φ. (38)
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Note that in the usual Einstein-Cartan theory, the scalar field has no spin current and does
not couple to torsion. But in our model, the scalar field acquires a non-zero spin current,
which by Eq. (36) converts the metric energy-momentum tensor to be our desired one:
Tµν = Tµνg −
1
2
∗
∇ρ (sµνρ + sµρν + sνρµ) = 1
2
∗
∇µ φ∇νφ− 1
2
φ∇ν∇µφ+ gµνLnewφ . (39)
It differs from that in the Einstein’s theory, and agrees with Eq. (20) in the tetrad formalism.
For the vector field, the action is now written as
InewA (g,K,A) =
∫
d4x
√
g
1
2
[Aν(∇µF µν −m2Aν)] ≡
∫
d4x
√
gLnewA (g,K,A) (40a)
=
∫
d4x
√
g(−1
4
F µνFµν − 1
2
m2A2 + AνFµνS
µ) ≡
∫
d4x
√
gL
′new
A (g,K,A),
(40b)
and the metric energy-momentum tensor and (contortion) spin tensor are computed to be
Tg
µν =
∗
F (µ|ρ F |ν)ρ +m
2AµAν + gµνL
′new
A , s
µνρ = A[µF ν]ρ + A[µ
∗
F ν]ρ +g[ν|ρAλF
|µ]λ (41)
Because the vector field acquires both the traditional spin current and our “new” spin
current, the explicit computation of Eq. (36) is a little lengthy, but straightforward, which
gives exactly the same expression as Eq. (30) in the tetrad formalism:
Tµν = Tµνg −
1
2
∗
∇ρ (sµνρ + sµρν + sνρµ) = 1
2
∗
F µρ ∇νAρ − 1
2
∇νF µρAρ + gµνLnewA . (42)
VI. ALTERNATIVE THEORY FOR THE SCALAR FIELD
It is notable that although the scalar field in our model acquires a spin current, its “effec-
tive” energy-momentum tensor remains symmetric. This suggests that we may conjecture
a model within the Riemann space-time to assign our effective energy-momentum tensor as
the gravitational source. This goal, however, can only be possibly achieved with a substan-
tially non-minimal coupling, which cannot be converted into a total divergence and thus can
survive in the Riemann space-time. We find that the following action makes such a model:
I(g, φ) = Ig(g)+Iφ(g, φ) =
∫
d4x
√
g
R˜
16πG
+
∫
d4x
√
g(−1
2
∇˜µφ∇˜µφ− 1
2
m2φ2+
1
8
R˜φ2). (43)
Here X˜ denotes a quantity X in the Riemann space-time. For example, Γ˜ρµν signifies the
Christoffel connection. The action contains a non-minimal Rφ2 interaction, with the cou-
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pling coefficient fixed to be 1/8. It gives an energy-momentum tensor of the scalar field
Tµν =
2√
g
δIφ(g, φ)
δgµν
=
1
2
(∇˜µφ∇˜νφ− φ∇˜µ∇˜νφ)− 1
4
Rµνφ2. (44)
In the limit of flat space-time, this agrees with Eq. (21) of Section IVA.
Note that the scalar field here is not necessarily a fundamental field as employed in
cosmological models. It can as well describe a spin-less composite particle.
VII. DISCUSSION
As the Einstein-Cartan theory does, our model leads to spin contact interaction, but
of more extensive structures. Certainly, the test of such contact interaction has to await
extremely precise measurements [5], but it does not mean that our discussion is purely
academic. In fact, the most valuable light which our study might shed on the test of
gravitational effect, independent of the possible merit of our gravitational-coupling model
itself, is that if T µνg differs from T
µν
eff , then some peculiar effect may occur. For example,
in Einstein’s general relativity, it is T µνg that couples to gravity, while during a quantum
measurement the effective fluxes of energy and momentum of a quantum wave is dictated by
T
µν
eff in Eq. (6), which is indeed different from T
µν
g . This may lead to some kind of non-local
violation of universality of free fall for quantum waves, and one may conjecture a possible
gravitational discrimination of freely falling atomic waves of different species.
In this paper, we have worked with massive vector field to avoid the discussion of gauge
invariance, which is highly tricky and controversial [6]. In the Riemann-Cartan space-time,
the minimal coupling between gauge field and torsion is gauge-dependent and hence often
abandoned [7]. Nethertheless, the recent technique to construct gauge-invariant gluon spin
[6, 8, 9] may be adopted to build a gauge-invariant minimal coupling of photon or gluon
to torsion. Thus, exploring the interaction between torsion and gauge particles is of vital
importance and interest for the fundamental aspects of not only gravity, but also gauge
theory.
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